The relationship between the size and stability of isolated skyrmions in a magnetic monolayer is analyzed based on minimum energy path calculations and atomistic spin Hamiltonian. It is demonstrated that the energy barrier protecting the skyrmion from collapse to the ferromagnetic state is not uniquely defined by the skyrmion size, although these two properties as functions of relevant material parameters follow similar trends. Stability of nanoscale skyrmions can be enhanced by a concerted adjustment of material parameters. The proposed parameter transformation conserves the skyrmion size, but does not conserve the skyrmion shape which changes from an arrow-like pattern to a profile that resembles magnetic bubbles. This transformation of the skyrmion shape is accompanied by an increase in the collapse energy barrier and thus enhancement of skyrmion stability.
Introduction
The field of localized, topological spin textures such as magnetic skyrmions [1] [2] [3] is currently receiving a lot of attention. The interest in skyrmions is motivated by their unique properties potentially making them perfect information carriers [4] [5] [6] [7] . Sensitivity of these spin swirls to pulses of electric current [8] [9] [10] benefits the efficient control of information flows and facilitates qualitative decrease in power consumption of data processing devices. The small size of skyrmions could increase data storage density far beyond what state-of-the-art technology offers today. For nanoscale skyrmions, thermal stability becomes an issue as thermal fluctuations can spontaneously destroy skyrmion states and, therefore, corrupt the stored data. Available experimental data on magnetic skyrmions in various materials and material combinations demonstrates inverse relationship between the skyrmion size and skyrmion stability: small skyrmions tend to be less stable compared to large ones [8, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . For example, roomtemperature skyrmions in a Pt/CoFeB/MgO heterostructure are roughly 100 nm in diameter [18] , which is more than an order of magnitude larger than skyrmions observed in a Pd/Fe/Ir(111) system only at low temperatures by means of spin-polarized scanning tunneling microscopy [19, 20] . The question then arises as to how general this relation between skyrmion size and skyrmion stability is and whether it is possible to design an optimal medium where magnetic skyrmions are small enough while being sufficiently stable at ambient conditions. Equilibrium properties of skyrmions such as size and shape have intensively been studied since the very discovery of magnetic skyrmions more than twenty years ago [2] [3] [4] [22] [23] [24] [25] [26] , but quantitative characterization of skyrmion stability has started being addressed rather recently [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Thermal stability can be quantified by calculating skyrmion lifetime using harmonic transition state theory for spins [39] . The theory predicts an Arrhenius expression for the skyrmion lifetime τ as a function of temperature T ,
where the magnitude of both the energy barrier ∆E and the pre-exponential factor τ 0 depends on the mechanism of skyrmion annihilation [38] . Theoretical calculations applied to atomistic spin Hamiltonian have previously revealed two mechanisms of skyrmion decay into a polarized, ferromagnetic configuration: Radial collapse of a skyrmion [27, 31] and escape of the skyrmion through the system boundary [32] [33] [34] . Relative contributions of these mechanisms to the skyrmion stability have been studied as a function of relevant material parameters [32] , applied magnetic field [35, 38] and presence of impurities [33, 36] . The effect of long-range, frustrated exchange interaction on skyrmion stability has also been addressed using the spin Hamiltonian parametrized from density functional theory calculations [37] . It has been shown that taking exchange beyond the nearest neighbors into account results in significant enhancement of energy barriers for the skyrmion collapse compared to what effective, nearest-neighbor models predict [37] . Overall, significant amount of knowledge on skyrmion size and skyrmion stability has been accumulated. However, these two properties have so far never been directly linked. Careful analysis of the interplay between skyrmion size and stability is of critical importance for the use of skyrmions in future information technologies. In this article, the relationship between the size and stability of an isolated Néel skyrmion is explored using minimum energy path calculations and a two-dimensional Heisenberg exchange model. By tracing contours of constant size and collapse energy barrier on a magnetic phase diagram, it is demonstrated that there is no one-toone correspondence between the skyrmion size and skyrmion stability, although these two properties as functions of relevant material parameters follow similar trends. The energy barrier for the skyrmion collapse into the ferromagnetic background is not a unique function of the skyrmion size, which makes it possible to adjust stability of nanoscale skyrmions. In particular, it is shown using the constant pre-exponential factor approximation that the lifetime of fixed-size skyrmions can be enhanced by several orders of magnitude by concerted modification of Dzyaloshinskii-Moriya (DM) interaction and out-of-plane magnetocrystalline anisotropy.
This article is organized as follows. In Section 2, theoretical background and details of numerical simulations are described. In Section 3, parameter dependence of an isolated skyrmion size and stability is summarized, zerotemperature stability diagram equipped with contours of constant skyrmion diameter and collapse energy barrier is obtained, and stability variation of constant-size skyrmions is quantified. Summary and outlook are presented in Section 4.
Methods
A two-dimensional skyrmionic system is modeled as a single monolayer of classical spins on a hexagonal lattice. The Hamiltonian of the system includes Heisenberg exchange coupling, antisymmetric DM interaction, and out-of-plane anisotropy. The energy of the system is given by the following equation:
Here, the angular brackets indicate summation over nearest neighbors only, m i is the unit vector defining the orientation of the magnetic moment at site i, J and D are the exchange and DM interaction parameters, respectively, K is the anisotropy constant. The unit DM vector d ij lies in the monolayer plane and points perpendicular to the bond connecting sites i and j. The unit vector e K defining the easy axis is normal to the monolayer plane. The Zeeman term is not included in the calculations, so as to mimic technologically relevant ambient conditions with zero applied magnetic field. Magnetostatic dipole-dipole interactions are included effectively in the anisotropy energy [3, 31, 40] . Equation (2) defines a multidimensional energy surface as a function of orientation of magnetic vectors localized on the lattice sites. Over a certain range of material parameter values, Néel-type skyrmions emerge as local energy minima. Properties of isolated skyrmions are of interest here. Therefore, only one single skyrmion is placed in the simulated system. The size of the computational domain is chosen to be large enough for the isolated, equilibrium skyrmion solution not to be affected by the boundaries. Periodic boundary conditions are applied so as to model extended two-dimensional systems. For a given value of material parameters J, D and K, an isolated skyrmion solution is obtained by taking some rough initial guess for the skyrmion profile and then bringing that to a local minimum on the energy landscape using the velocity projection optimization method [27] . Relaxed, energy-minimum skyrmion configuration is then fitted by a two-parameter profile [20] Θ(c, w; r) = π +
where Θ(c, w; r) is the polar angle of the spin located at the distance r from the skyrmion center and c, w are the fit parameters. Based on the obtained profile, the skyrmion radius R is evaluated using the definition of Bogdanov and Hubert [3] :
where (r 0 , Θ 0 ) is the steepest slope point of the profile Θ(c, w; r). Skyrmion stability is quantified using minimum energy path (MEP) calculations applied to the skyrmion collapse into the ferromagnetic (FM) state. The highest maximum along the MEP corresponds to the first order saddle point (SP) of the energy surface representing the bottleneck of the skyrmion decay. Within the harmonic transition state theory (HTST), the SP energy relative to the skyrmion energy minimum gives the energy barrier ∆E [39] which defines the lifetime, see Eq. (1). A Geodesic Nudged Elastic Band (GNEB) method [27, 41] is used to find MEPs of skyrmion annihilation. The GNEB method involves taking the initial guess of the path represented by a discrete chain of states of the system, and systematically bringing that to the MEP by zeroing the transverse component of the gradient force at each point along the path. In order to distribute the states evenly along the path, virtual springs are introduced between adjacent states. At each state, a local tangent to the path is estimated and the GNEB force guiding the states towards the MEP is defined as the sum of the transverse component of the negative energy gradient and the component of the spring force along the tangent. The positions of states are then adjusted using some optimization algorithm, e.g. velocity projection optimization [27] , so as to zero the GNEB force. In this method, both the GNEB force and the path tangent are defined in the local tangent space to the curved configuration space, which is needed to satisfy constraints on the length of magnetic moments and to properly decouple the perpendicular component of the energy gradient from the spring force. The shortest path connecting the skyrmion state and the FM state is taken to be the initial guess for the GNEB calculations. The MEPs obtained with such initial guess correspond to the radial collapse of the skyrmion. Radial collapse is likely the only mechanism of skyrmion annihilation in extended two-dimensional systems described by the Hamiltonian in Eq. (2) [29, 31, 41] and the only one considered here.
Results
Within a certain material parameter range, the atomistic model represented by Eq. (2) and its micromagnetic counterpart predict isolated skyrmion solutions as local minima of the energy functional [3, 4, 25] . Analysis involving both numerical calculations and asymptotic methods have previously revealed basic properties of isolated skyrmion solutions. In particular, it has been shown that the equilibrium size of an isolated skyrmion decreases with the anisotropy parameter but increases as the DM interaction strength increases [2, 3, 25, 43] . This behavior is consistent with analytical solutions based on ansatzes such as the one in Eq. (3) [4, 25, 44] . A representative dependence of the skyrmion diameter on K/J for two fixed values of D/J is obtained using the model given by Eq. (2) and shown in Fig. 1(a) . The curves are characterized by a certain critical value of the anisotropy parameter, at which the skyrmion size diverges. Observe that confined skyrmions can demonstrate opposite trends for the skyrmion size compared to the isolated skyrmions considered here [2, 42, 43, 45] . Figure 1(b) shows results of GNEB calculations of the energy barrier ∆E for the skyrmion collapse into the FM background. With increasing anisotropy strength, energy barrier decreases monotonically to zero. Larger DM interaction parameter results in a larger barrier. It has also been demonstrated in previous calculations that the barrier decreases as the magnetic exchange parameter J gets larger [32] . Material parameter dependence of the collapse energy barrier thus follows the trends for the skyrmion size, as was pointed out by Stosic et al. [32] . This behavior is consistent with an intuitive interpretation of the skyrmion annihilation via radial collapse: The corresponding energy barrier should increase with the number of core spins that need to be flipped into the FM state during the skyrmion collapse process and, therefore, should get larger as the skyrmion size increases. It is demonstrated below that this interpretation is actually incomplete and the collapse barrier is not uniquely defined by the skyrmion size. The barrier can be adjusted by a concerted parameter transformation preserving the skyrmion size. A trivial solution is to scale all material parameters -J, D and K -by the same factor, but such an approach gives only a limited control of the skyrmion stability. Below, the distribution of the collapse energy barriers and skyrmion diameters is superimposed on the magnetic phase diagram with the purpose of gaining more insight into the relationship between the skyrmion size and skyrmion stability. Zero-temperature phase diagram as a function of material parameters K/J and D/J is shown in Fig. 2(a) . The diagram is characterized by three regions that correspond to distinct magnetic textures emerging as minima on the energy surface of the system, see Eq. (2). In the SS region, the spin spiral is the ground state of the system. In the FM region, chiral modulations are completely suppressed and polarized ferromagnetic configuration is the only stable configuration. In between these two regions there is an Sk sector where isolated skyrmions exist as metastable states in the FM background [24, 25] . The Sk region is separated from the other two by critical lines at which skyrmion solutions become unstable. At the lower critical line, skyrmions spontaneously collapse into the FM state. Observe that the lower line is characterized by vanishing energy barrier rather than vanishing skyrmion size (see Fig. 1 ). The fact that skyrmions collapse with finite radii is a consequence of the discreteness of the model used here [25, 43] . At the upper critical line, isolated skyrmions strip out into spiral states [24, 25] .
It is informative to trace contours of constant skyrmion diameter and collapse energy barrier in the Sk sector of the magnetic diagram. Here, the following method has been used to obtain the contours. At first, profiles of R and ∆E as functions of K/J for several values of D/J are calculated. Two profiles for D/J = 24 and D/J = 28 are presented in Fig. 1 as an example. For each profile, the value of the anisotropy parameter corresponding to a predefined skyrmion size or energy barrier is isolated by interpolation between the data points, refined using the bisection method and then placed on the K/J-D/J diagram. Finally, the points corresponding to different values of D/K are connected to trace the contour line. Contours of constant R and ∆E are shown in Fig. 2(a) with solid and dashed lines, respectively. As expected, skyrmions get both larger and more stable against transition to the FM state in the vicinity of the strip-out critical line. However, R-and ∆E-isolines do intersect, demonstrating that the skyrmion stability is not a unique function of the skyrmion size. This result is further illustrated by a comparison of the collapse energy barriers for skyrmions of equal size. In particular, two points lying on the same constant R contour are chosen. The points labeled 2 and 4 on the magnetic phase diagram correspond to parameter sets K/J = 0.14, D/J = 0.24 and K/J = 0.44, D/J = 0.48, respectively [see Fig. 2(a) ]. The sets result in the same equilibrium skyrmion diameter, 2R = 16a, with a being a lattice constant, but different collapse energy barriers, which is clear from Fig. 2(b) showing energy variation along the MEPs for the skyrmion annihilation process. How the energy barrier changes along the contours of equal skyrmion size is summarized in Fig. 3(a) . For a fixed skyrmion diameter, the collapse barrier gets larger as both K/J and D/J increase in a concerted way. The increase in the energy barrier can be rather pronounced, contributing to the enhancement of skyrmion stability. For example, the barrier for a 16a-diameter skyrmion varies by more than an order of magnitude within a chosen range of material parameters [see points labeled 1 -5 in Fig. 3(a) ]. It is important to realize that the barrier enhancement is achieved by a nontrivial parameter transformation rather than simple parameter scaling since reduced values of the anisotropy parameter and DM interaction strength are used. Interestingly, this concerted parameter transformation does not conserve the skyrmion shape, although it does conserve the skyrmion size. The skyrmion profile variation along the contour where 2R = 16a is shown in Fig. 3(b) . From Figs. 3(a), 3(b) , it is clear that fixed-size skyrmions become more stable as they transform from textures with an arrow-like shape into states that resemble magnetic bubbles where more spins at the core point almost antiparallel (Θ ≈ π) to the magnetization of the FM background with Θ ≈ 0.
Conclusion
Our results demonstrate that a change in the shape of fixed-size skyrmions affects the height of the energy barrier protecting the skyrmions from collapse to the FM state. Clearly, enhanced energy barriers for the bubblelike skyrmions should have a direct impact on the skyrmion lifetime. A skyrmion's lifetime at a given temperature can be quantified using the Arrhenius law [see Eq. (1)], but the pre-exponential factor τ 0 needs to be evaluated. The prefactor incorporates the entropic and dynamical contributions to the skyrmion's stability. If skyrmion decay induced by thermal fluctuations is a rare event on the intrinsic time scale of the magnetization dynamics of the system, HTST can be used to calculate τ 0 [39] . Within the theory, the pre-exponential factor is defined by the curvature of the energy surface at the SP and at the skyrmion state minimum. For the parameter set K/J = 0.05, D/J = 0.12 (see point 1 in Fig. 3) , the HTST-estimate of τ 0 amounts to 7.44·10 2 τ int , with τ int being an intrinsic precession time which can be expressed in terms of the on-site magnetic moment µ, exchange interaction parameter J and gyromagnetic ratio γ according to the following formula:
Taking µ = 3 Bohr magnetons and J = 10 meV, which are typical parameter values for two-dimensional magnetic systems based on transition metals [20, 29] , one obtains a pre-exponential factor of roughly 0.1 ns, a value which is actually often assumed in studies of thermally activated magnetic transitions [32, 46, 47] .
FIG. 4.
Calculated skyrmion lifetime along the isoline where 2R/a = 16. Thermal energy is taken to be k B T = J. Constant Arrhenius pre-exponential factor is assumed
Assuming the constant pre-exponential factor and taking thermal energy to be k B T = J, Eq. (1) can now be used to calculate the skyrmion lifetime. The calculated results of the lifetime of fixed-size skyrmions (2R = 16a) as a function of relevant material parameters are presented in Fig. 4 . The lifetime increases significantly, by three orders of magnitude within a chosen parameter range. Obtained enhancement of the lifetime is due to the increase in the energy barrier [see Fig. 3(a) ] as the constant prefactor approximation is used here. This approximation could, however, be insufficient in some cases. The Arrhenius prefactor can vary by several orders of magnitude depending on the parameters of the magnetic system, as has been demonstrated both experimentally and theoretically for Fe islands on W(110) [48, 49] . Recent studies suggest that variable pre-exponential factor could be particularly relevant for magnetic skyrmions [38, 50] . It remains to be seen how the prefactor changes under the variation of material parameters of a skyrmionic system and how this affects the skyrmion lifetime.
In summary, the relationship between the skyrmion size and skyrmion stability has been analyzed based on MEP calculations and atomistic spin Hamiltonian. It has been demonstrated that the energy barrier protecting the skyrmion from collapse to the FM state is not uniquely defined by the skyrmion size, which opens up the possibility to enhance the stability of nanoscale magnetic skyrmions via nontrivial, concerted adjustment of material parameters. The deduced parameter transformation conserves the skyrmion size, but does not conserve the skyrmion shape and is not reduced to a simple parameter scaling. In particular, fixed-size skyrmions transform from textures with an arrow-like shape into states that resemble magnetic bubbles as the anisotropy parameter and the DM interaction strength increase in a concerted way. This transformation of the skyrmion shape is accompanied by an increase in the collapse energy barrier and thus enhancement of skyrmion stability. The prediction that bubble-like skyrmions should be more stable than the arrow-like skyrmions of the same size could help design magnetic materials hosting nanoscale, long-lived skyrmionic bits for future digital technologies.
